Introduction
The theory of Riemann surfaces is a very old and very interesting topic. Since the end of the 19th century Riemann surfaces have been explored with different approaches from different areas of mathematics ranging from algebraic geometry to analysis. In particular the description of Riemann surfaces in terms of conformal classes of metrics and the Teichmüller theory has an interesting connection to harmonic maps and the harmonic action functional (see, for example, [14] ). Harmonic maps from Riemann surfaces are particular non-linear sigma models.
In contrary, Super Riemann surfaces are a rather new topic. They appeared in the context of super gravity and super string theory around 1985, see [10, 22] . Super Riemann surfaces have been formalized using the language of super geometry (see e.g. [20] ), an extension of differential or algebraic geometry. Super Riemann surfaces are particular complex super manifolds of complex dimension 1|1. Even though they possess one even and one odd dimension they are said to behave in certain regards as if they were one-dimensional. Different approaches from the theory of Riemann surfaces have been "superized", such as uniformization ( [4] ) and universal deformation spaces ( [19] ).
The approach to super Riemann surfaces via super conformality and a super harmonic action functional is very interesting for physics, as it appears in a super symmetric non-linear sigma model. In [7, 2] it was proposed to consider a super symmetric extension of the harmonic action functional A(ϕ, g) where both the metric g and the field ϕ get a super partner, ψ and χ respectively. This particular super symmetric non-linear sigma model is relevant for string theory and super gravity.
It was conjectured that a super Riemann surface M can be described by a metric g and the super partner of the metric, called gravitino χ on a two dimensional manifold |M |. The action of the non-linear super symmetric sigma model would then be an integral over the super manifold M , resembling the harmonic action functional on |M |. Mathematically this leads to a different approach to the moduli space of super Riemann surfaces. In a talk at the conference "Quantum Mathematical Physics" in fall 2014 I presented my research to make precise the relation between the super symmetric non-linear sigma model and super Riemann surfaces. The present paper is a written up version of that talk.
The first chapter gives a brief introduction to the necessary parts of super geometry. We focus mainly on the local theory, that is the building block R m|n . Motivation is given by a toy example.
In the second section we will see how super Riemann surfaces can be reduced to Riemann surfaces with an additional gravitino field. A possible super Teichmüller theory is discussed.
In the third section, the extension of the classical harmonic action functional to super Riemann surfaces is given. Using the results of the second section it is possible to formulate the super harmonic action functional as an integral over a two-dimensional manifold. Symmetries of the action functional can be explained with the help of the geometry of super Riemann surfaces. In analogy to the case of Riemann surfaces, it is expected that the super harmonic action functional may help to understand super Teichmüller space.
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Super geometry
The theory of super manifolds was developed in the 1970s and 1980s in order to provide a geometrical framework for super symmetric theories in high-energy physics. Already at that time two different approaches were developed. One approach is to extend the definition of manifolds in terms of charts by replacing the real numbers by certain Grassmann algebras, see e.g. [23] . The other approach is inspired by algebraic geometry. It puts emphasis on functions rather than on points. An early overview article for this approach is [20] . It is proven in [1] that both approaches coincide. We will use here the algebraic approach to super manifolds and certain generalizations given below. Example 1.1. We will motivate and illustrate most definitions in this section by help of the following toy model, inspired by [5, §1.3] . Let ϕ and ψ (classical) fields on R. The main motivation for super geometry is to unify ϕ and ψ into one object
and to be able to interpret super symmetry, i.e. transformations of the following type
in a geometric way. To this end one needs to extend the geometrical setting from the domain R to R 1|1 , where the objects Φ, η and the super symmetry transformations get a precise meaning.
Recall that a locally ringed space M is a pair 
where Λ n is a real Grassmann algebra in n generators. A super manifold M is a ringed space which is locally isomorphic to R m|n . We say that M has m even and n odd dimensions, or that M is of dimension m|n. A homomorphism of super manifolds ϕ : M → N is a homomorphism of locally ringed spaces.
Let x 1 , . . . , x m be the standard coordinate functions on R m and η 1 , . . . , η n generators of the Grassmann algebra Λ n . We call the tuple (X A ) = (x a , η α ) of functions on R m|n coordinates of R m|n . Any function f ∈ O R m|n can be expressed as a finite expansion in the odd coordinates η α :
Here the summation runs over all odd multiindices γ. The functions f γ are ordinary functions on R m . Notice that O R m|n inherits a Z 2 grading from the Grassmann algebra Λ n . We will call elements of O R m|n of parity 0 even and elements of parity 1 odd. We use here and in the following the convention, that small roman letters are used for even objects, small greek letters for odd objects and capital letters for even and odd objects together.
In contrast to the theory of manifolds, not every function f ∈ O R m|n can be seen as a map R m|n → R. This is a consequence of the graduation of the structure sheaf O R n|m . By [20, Theorem 2.17] , maps between super domains U ⊆ R m|n and V ⊆ R p|q can be given in terms of coordinates. Example 1.5. A first possible interpretation for Equation (1.2) would be that
is a function on R 1|1 with coordinates (x, η). This would however restrict ϕ and ψ to be smooth functions on R. Even though it looks like a drawback at first sight, the correct way is to consider maps Φ : R 1|1 → R. Let r be a coordinate function on R. The map Φ is then completely determined by the pullback Φ # r which is an even function on R 1|1 because the ring homomorphisms Φ # preserve automatically the Z 2 -parity of the functions:
However, if Φ # r is even the function ψ(x) has to be zero. For the applications we have in mind ψ(x) is certainly expected to be non-zero. Therefore we need to consider a family of maps Φ parametrized by a super manifold B, i.e a map that makes the following diagram commutative:
Such a map is again completely determined by the pullback Φ # r which is this time an even function on R 1|1 × B:
Here the coefficients functions ϕ(x) and ψ(x) are functions on R 1|0 × B. We suppress the B-dependence in the notation. As Φ # r is even, and η is odd, also ψ(x) has to be odd. This is possible if the base B possesses odd dimensions.
The Example 1.5 motivates the following definition: 
Any super manifold is a family over R 0|0 = ({pt}, R). Any family is locally a projection R m|n × B → B. We call m|n the dimension of the family.
According to [6, Remark 2.6.(v) ] it is not necessary to fix B. However B is always supposed to be "big enough", see Example 1.5. Henceforth, all super manifolds and maps of super manifolds are implicitly to be understood as families of super manifolds and morphisms of families of super manifolds. In particular, also R m|n is to be understood as the trivial family R m|n × B.
Remark 1.7. Another quite popular approach to super manifolds is to use the functor of points. Full discussions of this approach can be found in [24] . An advantage of this approach is that one can treat infinite dimensional super manifolds. Infinite dimensional manifolds can not be treated in the ringed-space approach. However non-trivial families of super manifolds are usually not in the scope of the functor of points approach. We will see in the next chapter, that we need non-trivial families of super manifolds for the study of moduli spaces.
It is possible to extend a large part of differential geometry to super manifolds, see e.g. [20, 6, 3] . In particular there are appropriate definitions of vector bundles, tangent bundles, Lie groups and principle bundles. Example 1.8. Let (x a , η α ) be coordinates for R m|n . Any vector field V on R m|n are O R m|n -linear combination of the partial derivatives in coordinate directions:
A particular vector field on R 1|1 is given by the even vector field Q = q (∂ η − η∂ x ). It acts on the function Φ # r by
The coefficients of QΦ # r reproduce the super symmetry transformations from Equation (1.3). Consequently, the infinitesimal super diffeomorphism given by the vector field Q can be identified with the super symmetry transformations (1.3).
In order to study the relation between super manifolds and ordinary manifolds, we need the concept of an underlying even manifold. In [16] we have shown that such underlying even manifolds always exist. They are unique, however, only if the odd dimension of B is zero. Example 1.10. Remember that we have defined the fields ϕ(x) and ψ(x) as coefficients in the coordinate expansion of
with respect to fixed coordinates (x, η), see Example 1.5. This definition is clearly coordinate dependent. A general coordinate change on R 1|1 (over B) is given by
In the coordinates (x,η) the map Φ is given by
With the help of a chosen embedding i : R 1|0 × B → R 1|1 × B we are able to give a coordinate independent definition of ϕ and ψ. Let y be the standard coordinate on R 1|0 and (x, η) the standard coordinates on R 1|1 . Any embedding i can be expressed in those coordinates as:
for some odd function ξ in O R 1|0 ×B . At this point it is obvious why the embedding is unique if B = R 0|0 . The automorphism of R 1|1 × B given bỹ
One can assume without loss of generality that the embedding i is given by i # η = 0. Then the degree zero coefficient of Φ # r coincides with ϕ:
Note that the choice of i fixes only one component field. Any coordinate change
preserves ϕ(x), but not ψ. Any given embedding i splits all super diffeomorphisms of R 1|1 (Equation (1.2)) into diffeomorphisms of R 1|0 (given by g 0 ), diffeomorphisms of R 1|1 that preserve i (given by g 1 and γ 1 ), and diffeomorphisms of R 1|1 that change i (given by γ 0 ). We define the second component field ψ with the help of the vector field D = ∂ η + η∂ x . The vector field D is characterized by the property that it commutes with the super symmetry vector field Q given in 1.8. The definition ψ = i * DΦ then assures that ψ is the super partner to ϕ, because the action of the vector field Q on the component fields is given by
The definition of ψ given here shows that ψ is a section of ϕ * T R and is independent of the chosen coordinates. The vector field D encountered here is crucial for the definition of super Riemann surfaces in the next chapter. The particular structure of super Riemann surfaces will then also assure that, contrary to our toy model here, ψ is a spinor.
Integrals over a super manifold M can be reduced to integrals over |M | via an embedding i : |M | → M . Integration is defined for sections of Ber T ∨ M , a generalization of the determinant line bundle. Integration is given in local coordinates (x a , η α ) such that
where g top is the coefficient of η 1 · · · · · η n in the coordinate expansion of g. Example 1.11. In our toy model, a super symmetric action for the fields ϕ and ψ is given by
The action A(ϕ, ψ) can be formulated in terms of super symmetry via an integral over R 1|1 where the integrand depends on Φ as follows:
Note that the reduction of the integral over R 1|1 to an integral over R is given with respect to i. However the definition of A(Φ) does not depend on i. Consequently the integral A(Φ) has an additional symmetry, the change of embedding i. An infinitesimal change of embedding i is given by the even vector field Q = q (∂ η − η∂ x ). The super symmetry of A(ϕ, ψ) can thus be interpreted geometrically, in terms of a change of embedding of the underlying even manifold.
Super Riemann surfaces
Super Riemann surfaces are 2|2-dimensional super manifolds with additional structure. They appeared in the 1980s in the context of string theory and super gravity. Early references are [10, 22, 11, 19] . We will see in this section how they can be considered as a generalization of classical Riemann surfaces and give an outlook to a possible super Teichmüller theory. Let us recall, that there are several different ways to define and study Riemann surfaces. From the viewpoint of complex geometry, Riemann surfaces are 1-dimensional complex manifolds.
In differential geometry one can describe Riemann surfaces as two-dimensional (real) manifolds with additional geometric structure, given by a conformal class of metrics or an almost complex structure. Let |M | be a two-dimensional smooth manifold of genus p. Let furthermore g andg be two Riemannian metrics on |M |. Recall that the metrics g andg belong to the same conformal class [g] if there is a positive function Λ such that g = Λg. In two dimensions, a conformal class of metrics together with an orientation induces an almost complex structure I by
for all vector fields X and Y . It is also particular to the two-dimensional case that this almost complex structure is always integrable, i.e. leads to a complex manifold.
Let f : |M | → |M | be a diffeomorphism. The metric spaces (|M |, g) and (|M |, f * g) are isometric. Consequently the resulting Riemann surfaces are isomorphic and isomorphism classes of Riemann surfaces are described by the quotient of conformal classes up to diffeomorphisms:
Unfortunately the isomorphism classes of Riemann surfaces cannot be endowed with a manifold structure. However, an infinite cover of this space can be equipped with a manifold structure, the Teichmüller space:
Here Diff 0 |M | denotes diffeomorphisms of |M | that are homotopic to the identity. It is a theorem due to Oswald Teichmüller, that the Teichmüller space T p is isomorphic to R 6p−6 . Infinitesimal deformations of a given Riemann surface (|M |, g) are tangent vectors to the appropriate point in Teichmüller space. Since Riemann surfaces are described here in terms of Riemannian metrics, infinitesimal deformations of Riemann surfaces are given by infinitesimal changes δg of the metric g. Any infinitesimal change of the metric δg can be decomposed into infinitesimal conformal rescaling, Lie derivative of g (infinitesimal diffeomorphism) and "true infinitesimal deformations" of the Riemann surface:
It can be shown that the true infinitesimal deformations D are holomorphic quadratic differentials, i.e. holomorphic sections of
Super Riemann surfaces can also be described and studied with more algebraic or more differential geometric methods. After a brief look at the algebraic definition of super Riemann surfaces and its consequences we will turn to a more differential geometric treatment of super Riemann surfaces. We will see that the differential geometric picture allows to describe a super Riemann surface M in terms of a metric g, a spinor bundle S, and a gravitino field χ on an underlying even manifold |M |. This is a precise version of a conjecture to be found in [8, 15] .
We use here the algebraic definition of super Riemann surfaces given in [22, 19] . Proof. As indicated in the Example 2.5, the super Riemann surface M can be covered by coordinate charts (z, θ) such that the holomorphic line bundle D is generated by ∂ θ + θ∂ z . Suppose (z, θ) and (z,θ) are two pairs of such coordinates. In the formula for the holomorphic change of coordinates
the holomorphic functions f (z) and g(z) are related by the condition that ∂θ +θ∂ z must be proportional to ∂ θ + θ∂ z . One can check that
As the unique underlying even manifold is given by θ = 0, the coordinates z induce a complex structure on |M |. The functions g(z) can be used as patching functions for a line bundle S such that S ⊗ C S = T |M |. As explained before, a complex structure on a two-dimensional manifold corresponds to a conformal class of metrics [g] . It can be shown that complex line bundles S such that S ⊗ C S = T |M | are spinor bundles associated to a spin structure to any metric g in the conformal class.
The Proposition 2.6 shows that super Riemann surfaces over R 0|0 are in one to one correspondence to Riemann surfaces with spinor bundles. For non-trivial families of super Riemann surfaces M → B the proof of Proposition 2.6 fails because the change of variables formula (2.7) can get more complicated in the presence of odd dimensions in the base B (see [4] ). We will see below that the additional information of a spinor valued differential form χ is needed to describe non-trivial families of super Riemann surfaces.
It was furthermore shown in [19, 24, Theorem 8.4.4] that there is a semi-universal family E → ST p of super Riemann surfaces of genus p. That is any family M → B of super Riemann surfaces can be obtained in a non-unique way as a pullback of E along a map B → ST p . The base manifold ST p is a super manifold over R 0|0 of real dimension 6p − 6|4p − 4. Proposition 2.6 proves that the points of |ST p |, i.e. maps R 0|0 → ST p , are in one to one correspondence to Riemann surfaces with a chosen spinor bundle. The super structure of ST p is encoded in non-trivial families of super Riemann surfaces. In order to study non-trivial families of super Riemann surfaces we will turn to a more differential geometric description of super Riemann surfaces:
Theorem 2.8 ([11]).
A super Riemann surface is a 2|2-dimensional real super manifold with a reduction of the structure group of its frame bundle to
together with suitable integrability conditions. Remember that C is to be understood as the trivial family C × B.
Theorem 2.8 is also interesting for the physical motivation of super Riemann surfaces. It was shown in [11] that the integrability conditions of Theorem 2.8 are related to the so-called "Torsion-constraints" that can be found in more physics-oriented papers as [7, 8] . For a more recent approach via connections on super manifolds and their torsion consult [21, 18] .
The Theorem 2.8 shows that it is impossible to describe the geometry of super Riemann surfaces as a super conformal class of super metrics. Any orthogonal matrix that is upper triangular would indeed be diagonal. Consequently O(2|2) G, i.e. the choice of a super metric is not sufficient to determine a super Riemann surfaces. However there are particular super metrics that are compatible with the structure of a super Riemann surface. They are given by further reduction to U(1) as follows
A further reduction of the structure group to U(1) as above leads to a splitting of the following short exact sequence:
Consider now an embedding of an underlying even manifold i : |M | → M for a fixed super Riemann surface M . Recall that the underlying even manifold |M | of the super manifold M is a family of super manifolds of relative dimension 2|0 over the base B. The pullback of the short exact sequence (2.9) along an embedding i
possesses a second splitting given by T i. By the identification T |M | = i * D ⊥ , the tangent bundle of |M | gets equipped with a metric g. The bundle S = i * D is a spinor bundle of the metric
The difference of the splittingsp and T i is a section of T ∨ |M | ⊗ S which we call gravitino χ.
Here p S : i * T M → S is the projector given by the splitting of the short exact sequence byp. The construction given here associates to any super Riemann surface M with additional U(1)-structure a triple (g, S, χ) that consists of a metric g, a spinor bundle S and a gravitino field χ on the underlying surface |M |. Different choices of U(1)-structure on the same super Riemann surface lead to metrics and gravitinos which differ from g and χ only by a conformal and super Weyl transformation. A super Weyl transformation is a transformation of the gravitino given by
Here t is a section of S and γ : T |M | → End(S) is Clifford multiplication and v a tangent vector field to |M |.
It is surprising that the metric g, the spinor bundle S and the gravitino χ contain full information about the super Riemann surface M . Indeed, it was shown in [16] The metric g and the gravitino χ do explicitly depend on the embedding i. The normal bundle to the embedding i : |M | → M is S = i * D. Thus an infinitesimal deformation of the embedding i is given by a section q of S. The resulting infinitesimal change of metric and gravitino is given by (c.f. [16] ):
Here the metric is expressed in terms of an orthonormal frame f a and the gravitino in components χ a = χ(f a ). The spinor covariant derivative ∇ LC is the Levi-Civita connection lifted to S. Equations (2.10) are known as super symmetry transformations of the metric and gravitino and will be a symmetry of the action functional A(ϕ, g, ψ, χ, F ) below. Furthermore one can show that it is possible to choose an embedding i such that the gravitino vanishes around a given point p ∈ |M |. If M is a trivial family of super Riemann surfaces it is possible to choos an embedding i such that the gravitino vanishes on the whole of |M |.
Having a description of super Riemann surfaces in terms of metrics and gravitinos, it is natural to ask for a description of the super moduli space in terms of metrics and gravitinos. Conjectures about such a super Teichmüller space can be found in the literature, see e.g. [8, Equation 3.85, 15] . It is expected that there is a one-to-one correspondence
The group of super symmetry transformations SUSY on the right hand side can probably be identified with the change of embedding i. A precise definition of SUSY and the study of the full quotient must be left for further research. A particularly interesting question is, how the quotient by SUSY is related to the nonprojectedness of the super moduli space (see [9] ).
However it is possible to study an infinitesimal version of the quotient (2.11). That is infinitesimal deformations of super Riemann surfaces can be studied in terms of infinitesimal deformations of metrics and gravitino. Similar to Equation (2.3) it is possible to decompose the infinitesimal deformations
Here susy(q) denotes the infinitesimal super symmetry transformations from Equation (2.10). λg is the infinitesimal Weyl transformation and γt the infinitesimal super Weyl transformation. It is possible to determine the free parameters λ, t, X, and q such that the remaining "true deformations" D and D are holomorphic sections of T ∨ |M | ⊗ C T ∨ |M | and S ∨ ⊗ C S ∨ ⊗ C S ∨ respectively. More precisely one has the following: 
Here H 0 denotes holomorphic sections.
This result is well-known (see e.g. [24] and references therein). However, the approach outlined here gives a much more geometrical description of the even and odd infinitesimal deformations as infinitesimal deformations of the metric and gravitino, respectively.
Action functional
In this chapter we are investigating a super symmetric extension of the harmonic action functional on Riemann surfaces. This non-linear super symmetric sigma model can be formulated as an integral over a super Riemann surface and may help, like the harmonic action functional on Riemann surfaces, to understand the moduli space of super Riemann surfaces.
Let us first recall how the harmonic action functional on Riemann surfaces can be used as a tool to study the Teichmüller space. Details can be found in [13, 14] . Let ϕ : |M | → N be a smooth map from the Riemann surface (|M |, g) to the Riemannian manifold (N, n). The harmonic action functional as a functional of the metric g and the map ϕ is given by
The maps ϕ which are critical points of A(g, ϕ) are called harmonic maps.
In the case of two dimensional domains, as considered here, the action is conformally invariant, i.e. A(Λg, ϕ) = A(g, ϕ). The action functional A(g, ϕ) can thus be considered as a functional on the conformal class of metrics. Furthermore it is diffeomorphism invariant, i.e. for any diffeomorphism f :
The harmonic action functional can thus be viewed as a functional on isomorphism classes of Riemann surfaces in the sense of Equation (2.1) and also on the Teichmüller space, see Equation (2.2).
Define the energy-momentum-tensor as the variation of A(g, ϕ) with respect to the metric g:
For a harmonic map ϕ the energy-momentum-tensor is the Noether current that corresponds to diffeomorphism invariance. Infinitesimal conformal rescalings δg = λg and Lie-derivatives δg = L X g must lie in the kernel of the variation δ g A. The vanishing of δ g A on infinitesimal conformal rescalings and Lie-derivatives is sufficient to show that the energy-momentum tensor T can be identified with a holomorphic quadratic differential. The preceding facts are particularly interesting in the case where the codomain (N, n) is also a Riemann surface. Let us assume that the genus of Riemann surfaces |M | and N is strictly larger than one. It is possible to assume that the metrics g and n have constant curvature −1. If, furthermore, the Riemann surfaces (|M |, g) and (N, n) are of the same genus p there is a unique harmonic map ϕ : |M | → N homotopic to the identity (see [14, Corollary 3.10 .1]). The energy-momentum-tensor T gives a map
sending the Riemann surface (N, n) to the holomorphic quadratic differential T associated to ϕ. 3) is a diffeomorphism. The theorem of Riemann-Roch shows that the right-hand side of (3.3), is a finite-dimensional vector space isomorphic to C 3p−3 R 6p−6 . Summing up, we have seen that the harmonic action functional and harmonic maps help to prove fundamental results in the theory of Teichmüller space. Furthermore, as is shown in [13] , harmonic maps are also useful to study a quantized version of the harmonic action functional. We now present the outline of a similar theory in the case of super Riemann surfaces.
Let M be a super Riemann surface with a fixed U(1)-structure and local U(1)-frames F A . Let Φ : M → N be a map to an arbitrary Riemannian (super) manifold (N, n). The super symmetric extension of the harmonic action functional (3.1) is given by
At a first glance this action functional looks just like the harmonic action functional (3.1). However notice that the norm of the differential dΦ restricted to D is used. This difference to the harmonic action functional is crucial to show that the action functional (3.4) does only depend on the underlying G-structure and not on the chosen U(1)-structure. This analogue of conformal invariance, together with the super diffeomorphism invariance of A(M, Φ) turns A(M, Φ) into a functional on the moduli space of super Riemann surfaces as in the left-hand side of Equation (2.11). The action functional (3.4) can be found at different places in the literature, see for example [8, 11] . In [11] the super conformal invariance of the action functional A(M, Φ) is shown.
The maps Φ that are critical with respect to A(M, Φ) are described by a differential equation of second order:
Analytical properties of the D-Laplace operator ∆ D , defined here, still need to be studied.
Remember that a detailed understanding of the analysis of harmonic maps is crucial for the definition of the Teichmüller map (3.3). In [16] it was shown that the Equation (3.5) can be used to derive equations of motion for the component fields defined below in Definition 3.6. Let now i : |M | → M be an underlying even manifold for M . We have seen in the last section that the super Riemann surface M can be described in terms of a metric field g and a gravitino field χ. As explained in the first section, every integral over a super manifold can be reduced to an integral over the underlying even manifold. Let us denote the resulting Lagrangian density on |M | by |L|, i.e.:
|L|
Of course the Lagrangian density |L| depends not only on g and χ, but also on Φ. In order to express this dependence in a geometric way, we will now introduce component fields for Φ. Definition 3.6. Let Φ : M → N be a morphism and i : |M | → M be an underlying even manifold. We call the fields
The vectors s α form the dual basis to the basis s α = i * F α of the spinor bundle S = i * D on |M |.
The component fields are sufficient to fully determine the map Φ. There are particular coordinates (x a , η α ) on M such that in the case N = R the map Φ can be written as
This expansion is similar to the Example 1.10. It is an advantage of the geometric definition of the component fields ϕ, ψ and F , used here, to apply for arbitrary target manifolds N . With the help of the component maps ϕ, ψ and F , as well as g and χ, the Lagrangian density |L| can be calculated explicitly. For details on the rather long computations, see the forthcoming thesis [17] . Note that the reduction of the action functional A(M, Φ) to the action functional A(ϕ, g, ψ, χ, F ) given below was claimed in the literature almost 30 years ago (see, for example, [8] ). This reduction served as a major motivation for the introduction of super Riemann surfaces, as supposedly the action functional A(M, Φ) would be easier to study than the component action A(ϕ, g, ψ, χ, F ). However, no proof of the reduction could be found in the literature. Theorem 3.7. Let M be a super Riemann surface and i : |M | → M an underlying even manifold. We denote by g, χ, and g S respectively the metric, gravitino, and spinor metric on |M | induced by a given U(1)-structure on M . Let Φ : M → N be a morphism to a Riemannian super manifold (N, n) and ϕ, ψ, and F its component fields, as introduced in Definition 3.6. One obtains
Notice that the symmetries of A(M, Φ) translate into several symmetries for A(ϕ, g, ψ, χ, F ). The G-invariance of the action A(M, Φ) leads to conformal and super Weyl invariance of A(ϕ, g, ψ, χ, F ). The invariance of A(M, Φ) under super diffeomorphisms splits into diffeomorphism invariance and super symmetry of A(ϕ, g, ψ, χ, F ). Super symmetry of A(ϕ, g, ψ, χ, F ) is the invariance up to first order under an infinitesimal change of the embedding i parametrized by the spinor q. The formulas for the super symmetry between g and χ have been given in Equation (2.10). A full calculation for the super symmetry of ϕ, ψ and F can be found in [17] . We give here the resulting formulas for the special case F = 0 and R N = 0:
We have thus given a super geometric explanation to all symmetries of the action functional A(ϕ, g, ψ, χ, F ) appearing in the literature (e.g. [2, 7] ). We now turn to applications of the action functional A(M, Φ) to the super moduli space or super Teichmüller space. Similar to the case of Riemann surfaces and the harmonic action functional, the action functional A(M, Φ) can be seen as a functional on the super moduli space. By the left hand side of Equation (2.11) the super moduli space is given by the integrable G-structures up to super diffeomorphisms. The action functional (3.4) depends explicitly on the G-structure and is super diffeomorphism invariant. Thus one may expect that the action functional 3.4 and its critical points-the maps Φ : M → N solving Equation (3.5)-may be useful to study the super moduli space. However certain difficulties arise from the presence of integrability conditions in Theorem 2.8. Let H be an infinitesimal variation of the G-frame F A , i.e. first derivative of a family of frames
If the family of frames F (t) A is a family of integrable G-frames, certain infinitesimal integrability conditions hold for H. Consequently, the H that do not fulfil those infinitesimal integrability conditions are not admissible infinitesimal deformations of the super Riemann surface defined by F A .
The variation of the action functional (3.4) with respect to the variation of the frames F A can be written as
The tensor T super can be seen as a super version of the energy-momentum-tensor in Equation (3.2). However it is not guaranteed that non-integrable infinitesimal deformations H lie in the kernel of the variation δ F A A(M, Φ). Thus, in contrast to the case of Riemann surfaces, δ F A A(M, Φ) can not be interpreted as a cotangent vector to the moduli space of super Riemann surfaces. In order to circumvent the problem of integrability conditions one can turn to a description of the moduli space of super Riemann surfaces in terms of metrics and gravitinos, i.e. to the right hand side of Equation (2.11) . It is an advantage of the description of super Riemann surfaces in terms of metrics and gravitinos that there are no integrability conditions, i.e. every triple (g, S, χ) forms a super Riemann surface. Thus every deformation of the given metric and given gravitino is an admissible deformation of the super Riemann surface at hand. Define the energy-momentum tensor T of A(ϕ, g, ψ, χ, F ) via If the fields ϕ, ψ, and F are critical points of A(ϕ, g, ψ, χ, F ), then T is the Noether current with respect to diffeomorphism invariance, whereas J is the Noether current with respect to super symmetry. It can be shown that T and J are components of T super similar to ϕ, ψ and F being components of Φ. Thus, once again, diffeomorphism invariance and super symmetry are very much the same thing from the viewpoint of super geometry. With the help of the diffeomorphism invariance and super symmetry of A(ϕ, g, ψ, χ, F ) one can show that T is, once again, a holomorphic quadratic differential and J a holomorphic section of S ∨ ⊗ C S ∨ ⊗ C S ∨ . They are even, resp. odd tangent vectors to the moduli space of super Riemann surfaces.
One can hope that the study of critical points of the action functional A(ϕ, g, ψ, χ, F ) turns out as useful for the study of the moduli space of super Riemann surfaces as the study of harmonic maps is for Teichmüller theory.
